Inverse dynamic analysis of a three degree of freedom parallel mechanism driven by three electrical motors is carried out to study the effect of motion speed on the system dynamics and control input requirements. Availability 
INTRODUCTION
Parallel mechanisms are receiving widespread attention because they provide high stiffness, high speed, more accurate motion, and require less space than serial mechanisms [1, 2] , but the dynamic and kinematic analysis of the former are more difficult [3] . The need for machines to move faster and more accurately renders many controllers unsuitable for applications using fast parallel mechanisms. In this paper an inverse dynamic analysis of a three degree of freedom planar mechanism driven by three electric motors is carried out to demonstrate the effect of motion speed on the required control inputs and hence on the controller design and performance.
Inverse dynamic analysis requires that the motion of a mechanism to be specified in terms of its acceleration-time history [4] , thus a motion path planning is necessary. In this paper the pointto-point motion of a three degrees of freedom planar manipulator driven by three motors attached to the ground is considered. An ideal path is specified by using a smooth third order exponential function. It has been shown elsewhere [5, 6] that such a specification leads to a simple input shaping technique for vibration free motion of lightly damped systems.
The application of inverse dynamics whereby the motor torque and voltage are determined for a required motion imposes computational issues for real-time applications. This practical limitation can be overcome by an adaptive control approach based upon motion dependent linearised models. This paper discusses a suitable linearisation technique utilising an off-line inverse dynamic analysis.
SYSTEM DESCRIPTION AND MODELING
The mechanism studied in this paper is a three degree of freedom parallel manipulator as shown in Fig. 1 . The platform moves in the horizontal plane. The three degrees of freedom are represented by x c , y c and θ c ; Cartesian coordinates of the center of gravity of the platform and the angular deflection of the platform measured from the positive x-axis in a counter clockwise direction. The platform has three identical legs comprising a crank and a follower. The followers of length L 2 are connected to the platform at points B 1 Figure 1 . Three degree of freedom planar parallel manipulator [4, 7] , which utilises the Lagrangian formulation of the equations of motion and is suitable for multi-physics systems. The object oriented nature of the package allows the simulation engine be used in other simulation environments such as Matlab and Simulink. The seven objects, namely six connecting rods and the platform, are used to describe the mechanism. The mass and moment of inertia of each object, as well as the local coordinates and types of connections are specified. Although the mechanism has three degrees of freedom, the interface uses 18 generalised coordinates and 15 constraint equations, and provides a facility to calculate the initial conditions of the superfluous coordinates from the user selected three independent coordinates x c , y c and θ c . The energy expression for the motors can be added to the energy expression of the mechanism. The electrical charges in motor circuits are selected as additional generalised coordinates increasing the number of degrees of freedom to six, and the number of generalised coordinates, q, to 21 giving the following 32 second order differential-algebraic equations of motion [4] :
The vector λ λ λ contains 15 Lagrangian multipliers, one for each constraint equation. F is the Jacobian matrix of size 15x21 containing the partial derivatives of constraint equations with respect to each generalised coordinate. The vector E represents the generalised external and control inputs. These equations are developed automatically by Dysim from the manipulator and motor data given in Tab. 1. The simulation can be run either in forward or in inverse dynamics mode. Any number of known external generalised inputs can be included. In the inverse mode, the user can specify any degrees of freedom motion and any control input locations, provided that the degrees of freedom of the motion is equal to or less than the degrees of freedom of the system. In the present application the desired motion in three degrees of freedom is specified by the three platform coordinates, and three motor voltages are selected as the control inputs to achieve the desired motion.
In the inverse dynamic analysis, the acceleration-time history of the required motion is required. A smooth motion path for a point-to-point motion can be defined by the following function for any coordinate s [5, 6] .
where u is the normalised time defined as u = α ·t. 
All standard performance specifications, such as rise time and settling time, can be expressed in terms of this speed parameter. The normalised desired displacement, velocity and acceleration functions are shown in Fig. 2 as a function of normalised time u. The 99% settling time T s , can be calculated from Eqn. (3) as
Once the required motion duration T s is selected, the value of the speed parameter α can be calculated from Eqn. (6) . Then Eqn. (5) can be used to specify the acceleration of all three coordinates of the platform in the inverse dynamic analysis. A simple point-to-point motion of the platform from an initial position of (-0.025m, -0.025m) to a final destination at (0.025m, 0.025m) is simulated. The motion is on a straight line with the 
T calculated by the inverse dynamic analysis to achieve the desired motion are shown in Fig. 3 at two different motion speeds; one for a desired settling time of T s = 1s, and the other for a slower motion of T s = 5s. As it can be observed from Fig. 3 , the characteristics of the required input voltages vary with motion speed. At the higher speed, required torques take both positive and negative values, whereas for the slow motion, the required torques are unidirectional. As expected, higher speed motions require more driving torques, hence motor voltages than the slower motions.
A typical control feedback is shown in Fig. 4 , which utilises the inverse dynamic solution in real-time in the feed-forward path. A modified version of the inverse dynamic simulation is also needed in the feedback loop to correct the errors. However, this is not practical in real-time applications due to computational limitations. A linearisation of system and error dynamics are required to synthesise simple controllers for the feed-forward and feedback paths.
LINEARISATION
The required motor input voltages calculated by the inverse dynamic analysis can be linearised on the motor input and output coordinates. Uncoupling the motors allows the following linear representation of the system dynamics:
Since the system moves on a horizontal plane (zero gravity), the voltage at the final destination should approach to zero. This can only be achieved by using the following constraint for the linearised model
The required motion is specified in terms of the acceleration of platform coordinates x c , y c and θ c , but the motor angles are required for the linearisation. Since superfluous coordinates are used in the formulation of the Lagrangian energy function, the integration of system equations (1) automatically generates the time history of all 21 generalised coordinates and derivatives including the motor angles, hence no solution of the kinematic equations are required for this conversion. The off-line linearisation process is shown in Fig. 5 , where the simulation results are stored with a time step of ∆t seconds to make the following data set of size N for the ith motor (i.e. ∆t = T s /N):
or in matrix-vector format: 
The statistical data such as the goodness of fit R 2 i and the standard deviation of the estimated parameters are also important to assess the validity of the linear model, and the significance of individual parameters.
As a numerical experiment, input voltages required to achieve the desired motion in Fig. 3 are linearised, and the estimated coefficients are shown in Tab. 2 for two motion speeds of T s =1s and 5s. All estimated linearised model parameters have small standard deviations, hence they are all significant. High goodness of fit values indicate that a very accurate representation of the control voltages can be achieved by the linearised model. It is clear that the parameter values change significantly with the motion speed. Figure 6 compares the control voltages calculated by the inverse dynamic analysis with the voltages estimated by the linear model, providing a visual display of the goodness of fit values R 2 i . The same linearisation process is carried out for various settling times between 0.25s and 10s to study the effect of speed on the model parameters over a wider speed range. The estimated parameters are plotted against the settling time in Fig. 7 for all three parameters. All parameters, except the coefficient of acceleration terms a 1 , settle to a steady value at slow motion speeds. This suggests that fixed controllers can work satisfactorily at slow speeds, but will be inadequate at higher speeds. This necessitates the use of adaptive controllers, where the control parameters are optimised for each motion for fast moving mechanisms. The other interesting outcome is that some of the estimated coefficients take negative values. If parameters of the uncoupled linearised model are interpreted as mass, damping and stiffness of a second order single mass system, then the results are not physically meaningful, but the authors experienced no stability problem when these negative coefficients were used in the controllers, but this subject deserves further study.
ERROR DYNAMICS
The linearised model is suitable to be used in the forward path, but may not be suitable to be used in the feedback loop, where the controller acts on the error signals. The error dynamics may be significantly different from the motion dynamics due to highly non-linear nature of the system equations especially at high speeds. An off-line technique to estimate a linearised model for the error dynamics is presented in this section. The selection of the disturbance signal is important to cause small variation to the motion for a frequency spectrum covering the expected disturbance bandwidth. The estimated disturbance frequency characteristics will depend on the application, but the test signal should be flexible enough to be adopted for different requirements. In most applications color noise may be adequate, but in some applications it may be necessary to suppress certain frequencies. A Schroeder Phased Harmonic Sequence (SPHS) is used in this paper to generate a test signal with a specified frequency spectrum. SPHS is a low peak factor signal, persistently excites the system, and its power is well spread over time to avoid large displacements [8] , and was successfully used in estimating linearised oil-film parameters [9] . The SPHS signal is a summation of sine waves with selected frequencies and amplitudes, but 
P j is the ratio of the power at ω j = jω 0 to the total power of the signal.
The amplitude of SPHS signal is scaled by β so that the maximum amplitude in time domain is approximately 10% of the maximum motor voltage required to achieve the desired motion. The fundamental frequency of the disturbance signal is set to cover the the motion duration, ie. ω 0 = 2π/T s . The number of harmonics with uniform amplitudes are selected such a way that the cut-off frequency is about 80 Hz (ie. m ≈ 80 × T s ). Figure 9 shows one of the disturbance signals, which corresponds to motor 1 voltage for the motion with T s = 1s. Table 3 shows the estimated error model parameters for the same motion as described in the previous section with linearised parameters as shown in Tab. 2. Comparison of both tables reveals that the estimated linearised error dynamics are significantly different from the linearised model dynamics especially at high motion speeds. Again some negative parameters appear in the table, but checking their t-ratios (estimated parameter divided by its standard error) reveals that only one of them is significant. Although the authors have not experienced stability problems when using negative parameters in the feedback loop, a further study on the stability and robustness of the controllers is needed for such cases.
CONCLUSIONS
An inverse dynamic analysis of a three degree of freedom planar parallel mechanism has been carried out to study the effect of motion speed on the system dynamics and drive input requirements. Accurate and fast motion of such systems can be achieved by using inverse dynamic simulation in real-time, but this is prohibited in many applications due to computational limitations. The technique presented in this paper uses the inverse dynamic simulation off-line to obtain a linearised dynamic model for the system for a specified motion. Very accurate linear models are obtained even for high speed motions, hence the need to use real-time simulations can be avoided. It is observed that the estimated model parameters change significantly with speed highlighting the need to adopt adaptive controllers for high speed operations. At low speeds, the estimated parameters converge to a constant value justifying to use of fixed controllers. It is also shown that two linearised models are normally required; one for the motion the other for error dynamics, both determined offline. Both models change significantly with motion speed, and are used in the feed-forward and feedback control loops to control the system in real-time.
